On extremal intersection numbers of a block design  by Beutelspacher, Albrecht
Discrete Mathematics 42 (1982) 3749 
North-Holland Publishing Company 
ON EXMUMAL INTERSECTION N?.JMBERS OF k 
BLiDCK DESIGN 
.’ 
Albrecht BEUTELSPACHER i 
Fachberei@t Matkmatik &r Universitiit Mainz, Saarstr. 21, O-6501) Maim, West Germany 
Received 15 May 1980 
Revised 12 November 1981 
K.N. Majumdar has shown that for a 2-(u, k, A) design $ there are three numbers u, T, and C 
such that each intersection umber of 9 is not greater than L: and not !ess than max{q T}. In 
this paper we investigate designs having one of these ‘extremal’ intersection numbers. 
Quasisymmetric designs with at least one extremal intersection umber are characterized. 
Furthermo,e, we show that a smooth design 8 having the intersection umber JS or 0 > 0 is 
isomorphic to the system of points and hyperplanes of a finite projective space. Using this 
theorem, we can characterize all smooth strongly resolvable designs. 
1. IIRtrodu*n 
A non-negative integer x is called an intersection number of a 2-(u, k, A) design 
9 if there are two distinct blocks B and C of 9 such that the number [B, C] of 
points incident with B and C equals X. Majumdar [12] has shown that for a given 
design 9 there exist three numbers a, T and C such that no intersection umber of 
~ZJ is greater than 2 or less than max{c, 7). For this reason cr, T and C are called 
the extremal intersection u-bers of 9. Extremal intersection umbers have been 
investigated by Connor [S], Parker [13], Seiden [14], Stanton and 
basic theorem of MajumdaI states the following: 
Result 1 (Majumdar [12& In Q 2-(21, k, h) design 9 denote by 
blocks through a point and Py a, 7 and C the following numbers 
o=o(v,k,A):=k-r+h, 
r =T(v, k):=; k (2k -v), 
Sprott [16]. The 
r the number of 
2 =x(v, k,A):=3kh-(k-r+A). r 
Let B and C be two distinct blocks 01% Then 
(a) max{cr, 7) s [B, C]S C. 
(b) The following two conditions are equivalent: 
(i) [B, C]=a or [B, C]= k; 
(ii) for any block X# B, C of 9 we have [X, B] = [X, C]. 
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Similarly, the following two conditions imply each other: 
(i) [B, C]=T or [B, C]=Z; 
(ii) for any two blocks X, Yf B, C of 9 we have 
[X,B]+[X, Cl=W, Bl+CY, Cl. 
(c) If [B, C] = T, then for any block X# B, C io holds that 
[X, B]+[X, C] = 2k*/o; 
if [B, C] = Z, then for any block 
[X, B]+ [X., C] = 2 khlr. 
The question can be stated: 
X# B, C we have 
What can be said about block designs having 
distinct blocks B, C such that [B, C] equals to one of the extremal intersection 
numbers a, 7 or C? For such a design we shall say for brevity that it ‘has’ an 
extremal intersection umber. Our aim is to investigate such designs. Apparently, 
the fact that a design has at least one of the extremal intersection umbers already 
imposes trong restrictions on the structure of that design. Designs with inter- 
section number o have been investigated in [2] in great detail. in this paper we 
obtain the following results. 
We show in Section 3 that a design can have ~(0, k) as one of its intersection 
numbers in very special cases only: for such designs it must be u = 2k, that is 
T(ZJ, k) = 0. In Section 4 we characterize all designs with at most ltwo intersection 
numbers, one of which is X(u, k, A); also, some observations are made about 
designs with three intersection umbers. 
Finally. in Section 5, we -onsider smooth designs having intersection umber u 
or Z and prove a rather sun~isin~ statement: Either the intersection number in 
question is zero, or the 3 4gn is isomorphic to the system of points and 
hyperplanes of a finite pro_$L;ii; ave space. As a corollary we characterize all smooth 
strongly resolvable designs. 
Throughout his paper we shall use the terminology of Dembowski [7]. 
First of all, we make some observations which follow easily from Result 1. 
For any two blo&s B and C of a 2-(1.4 k, A) design 9 we define the relations - 
and = as follows: 
B-C :e (B)=(C) or [B,C]=cr(v,k,h) 
and 
B=C :e B-C or [B,C]=Z(v,k,A). 
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Lemana 1. Let 9 be a 2411, k, h) design. 
(a) The relations - and = are equivalence &&ims. 
(b) If A, B, C are blocks of 9 with [A, B] = C(u. k, A) = [B, C], &en [A, C] = 
m(v, k, A) or (A)=(C). 
(4 Any =-equit~atence class consists of at most two --equiuaknce classes. 
(d) If there is a *-equiwrlence clclss with at least three elements, then k or 
o(v, R A) is an intersection number of 93. ’ 
Rwf. (a) follows immediately from Result 1. 
(b) Again, by Result 1, we have 
[A, C]=2kA --[ ,B]=k-r+h=~(v,k,h). 
r 
(c) and (d) are consequences of (a) and (b), Cl 
A 2-(u, k, A) design with b blocks and r blocks through a point is called 
symmetric (projectbe in [7B, if one of the following conditions is fulfilled (the 
equivalence of these conditions may be deduced easily from Result 1): 
(i) b = v ; (ii) r = k ; (iii) any two distinct blocks intersect in exactly A points; (iv) 
any two distinct blocks have a constant number of points in common. 
So, in a symmetric design we have a(v, k, h) = h = S(v, k, A); hence any sym- 
metric 2-(v, k, A) design has the intersection number a(~, k, A) = X(v, k, A). 
A design 9 will be called quasisymmetric, if it has exactly two intersection 
numbers x and y. Without loss of generality we can assume that x < y holds. If 
(p, B) denotes a point-block pair of the quasisymmetric design 9, we define 
p(p, B) to be the number of blocks C through p with [C, B]= n. 
Lemma 2. Let 9 be a quasisymmetric 2-(v, k, A) design having intersection um- 
bers x and y with x < y; denote by (Q, B) a point-block pair of 9. 
(a) If p is incident with B, then 
(p(p, B)+l)(x-y)+ry-kA =x-(k-r+A). 
(b) If p is no point of B, then 
p(p, B)(x - y)+ ry -- kh = 0. 
In particular, the value of p(p, B) depends only on the fact whether p is incident with 
B or not. 
The proof of Lemma 2 is easy and left to the reader. 
There is an interesting family of quasisymmetric designs: A design 9 with block 
set !8 is called sfrongly resolvable, if there exists a partition of B in ‘classes’ such 
that the following conditions are fulfilled: 
(i) There is an integer p with the property that each point of 9 is on exactly p 
blocks of each class. 
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(ii) There exists an ‘inner’ constant pi such that any two distinct blocks of the 
same class intersect in pi points. 
(iii) There exists an ‘outer’ constant p0 such that any two bloc& from di&inct 
classes have p0 points in common. 
Strongly resolvable designs provide a common generalization of symmetric and 
affine designs and have been thoroughly investigated. They were introduced by 
Shrikhande and Raghavarao [lS] under the name ‘tine a-resolvable designs’. 
The following assertions are implicitly in [18] (see also [l] and [lOD: 
Result 2. Let 9 be a strongly resolvable 2-(v, k, A) design with b blocks, T 
through a point, c classes , inner comtant pi, and outer constant pO. Then 
b=v+c-1, pi=k-r+A* 
If c > 1 (that is, if 9 is not symmetric), then pO = k2/v. 
blocks 
Lemma 3. Denote by 9~ a quasisymmetric design having intersection umbers x and 
y with x C y. Then the following conditions are equivalent: 
(i) 9 is strongly resolvable ; 
(ii) p(p. B) = p(q, C)- 1 for an incident point-block pair (p, B) a.nd a non- 
incident point-block pair (q, C); 
(iii) a(v, k, A) is an intersection number of 9. 
Proof. ‘(i)+(ii)’ follows by definition of a strongly resolvable design. 
‘(ii) 3 (iii)’ is an immediate consequence of Lemma 2. 
For ‘(iii) 3 (i)’ see Theorem 5.3 in [2]. R 
In [2] designs with intersection number a(u, k, A) are investigated in great 
detail; in particular designs with three intersection umbers are considered: 
Result 3 ([2, Lemma 4.11). Let 9 be a design with exactly three intersection 
numbers x1, x2 and x3. Then the number of blocks which intersect a given block B in 
Xi points (i = 1,2,3) is a constant independent of the choice of B. 
In the last part of this section we quote Salle characterization theorems of 
prolective and affine spaces. Here the notion of a smooth design is crucial. Let 9 
be a design and denote by p and q two ddstinct points of 9. The line through p 
and q is defined as the set of all points of 9 which are incident with each block 
through p and q. The design 9 is called smooth, if there is a non-negative integer t 
such that through any three points of 9 which do not lie on a common line there 
are exactly t blocks of 9. If p is a point of the design 9, the incidence structue 
B*(p) is defined as follows: The points of 9*(p) are the lines of Sib through p, the 
blocks of 9*(p) are the blocks of 9 through p and the incidence is induced by the 
incidence of $9. 
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Redt 4 (see [7, 2.1.20& I)e’~te by 9 a smmth 2-(u, k, A) design with t bZo&s 
through any three non-collinear points. Then f < A and any line of :0 ccflfains a 
constant number h of points, where h = (kh - vt)(A - t)-? Furthermote, if t‘ a 1, then 
for any point p of 9 the iwihe structure 9*(p) is a 
2- h-l’h-l’ t 
( 
v-1 k-l 
> 
design. 
We call a design simple, if any two distinct blocks B and C of the design are 
incident with distinct point sets (B) and (C).. 
The following two results are parts of the famous Theorems of Dembowski- 
Wagner [9] and Dembowski [6]. We use here a formulation which can be found in 
[S, p. 15 l] and in [7, 2.2.123. 
Resarlt 5. Let 9 be a simple 2-(u, k, A) design. Then the following conditions are 
equivalent: 
(a) 9 is isomo@tic to the system of points and hyperpianes of a finite projective 
space. 
(b) Through any three non-collinear points of 9 there are exactly (kA - r) x 
(u - l)-’ blocks. 
Result 6. Let %?J be a simple 2-(0, k, A) design with a parallelism. Sqppose that there 
are at least three blocks in each parallel class. Then the following conditions; are 
equivalent: 
(a) sb is isomorphic to the system of points and hyperplanes of a finite afine space. 
(b) 9~ is smooth and afine. 
Resulti 7 ([1 1, Theorem 21). A design 9 is a Hadamard 3-design if and only if 9 
1 is afine and has exactly two blocks in each parallel class. 
3. The intersection number ~(0, k) 
The aim of this section is to show that a 2-(21, k, A) design can have the 
intersection number 7(t), k) only in very special situations. 
‘II-rem I. Denote by 9 a 2-(u, k, A) design. If 9 has two blocks intersectisig in 
T(t), k) points, then u = 2k, i.e. T(V, k) = 0. 
Proof. Let B and C denote two blocks of 9 which have exactly T(U, k) points in 
common. Since 
0 s [B, C] = T(2), k) =!(2k-o), 
v 
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we have 
us2k. 
On the other hand, let us count the number a of points which are not incident 
with B or C: 
(2k 4) - =e(v2k). t, 
This implies 2k s U. Together we have t) = 2k. Cl 
Special cases are of particular interest. 
Theorem 2. Denote by 9 a 2-(tl, k, h) design having intersection number T(V, k). 
(a) If for any block B of 9 there exists a block B’ of 9 with [B, B’] = T(V, k). 
then 9 contains a parallelism with exactly two blocks in each parallel class. 
(b) If 9 has at most three intersection numbers, then 9 contains a parallelism 
Gth exactly two blocks in a parallel class. 
(c) If lib has at most wo intersection numbers, then 9 is a Hadamard 3-design. 
Proof. (a) Define for two blocks B and C of 9: 
B\\C H B=Cor [B,C]=+, k). 
Ry Theorem 1. the assertion follows. 
(h) Using Result 3 it is clear that for any block B there is a block B’ with 
[IB, B’] = T(V, k). 
(c) Since T(U, k) = 0, ,9 cannat have only one intersection umber. Denote by y 
the intersection umber of 9 with pf ?(v, k). By (b), 9 contains a parallelism 
with exactly two blocks in each parallel cla$s. Since any two non-parallel blocks 
must intersect in y points, the parallelism is affine. In view of Result 7, the proof 
is finished. 0 
Any 2-(2k - I. k - 1, h) design 9 has an extension to a 3-(2k, k, A) design with 
a parallelism. (See for example [17] or [ll].) However, an extension of a 
2-(2/c - 1, k - 1, h) design is, in general, not uniquely determined. If A is large 
e,\ough, 9 has extensions, ome of which have home complementary blocks. (See 
for Instance [4].) It is clear that in a 3-(2k, k, h) design two blocks intersect in 
T(U, k) points if and only if these two blocks have no point in common. So, there 
are many examples of designs with intersection umber r(~, k). 
4. ‘I’he intersection number Z( u, k, h ) 
We call a design 9 = (p, 8, I) twofold symmetric, if there exists a partition 
{‘&&} of 93 such that: 
(I” The incidence structure 9i with point set p, block set Bi and the induced 
incitPence relation is a symmetric design (i = 1,2). 
(ii) For any block B1 E & there exists a (necessarily unique) block &E @, with 
(B,) = (B,). 
If Lib is a. twofold symmetric 240, k, A) design, then r = 2k, and so Z(v, k, A) =L k. 
Therefore, twofold symmetric designs are quasisymmetric designs having the 
intersection number Z(u, k, A) = k. In the next two results we characterize two- 
fold symmetric designs by these properties. 
Pr~p&@~n 1. Denote by 9 a 2-(u, k, A ’ design having the intersection number 
X:v i;, G 1. Suppose moreover that for any block B there is a block B’# i!3 with 
[B’, B] = X(v, k, A). If X(v, k, A) = k, then 91 is twofold symmetric. 
proof’. From JS(v, k, A) = k it follows r = 2k. By our assumption, f~= ar!.y block B, 
there is at least one block B# B, with [Bl, BJ= Z(v, k, A), I.e. (B,) = (B,). Since 
k > cr(v, k, A), it follows from Lemma 1 that there is at most one such block BZ. 
Therefore there exists a partition {@,, !&} of the block set of 9 with the 
following properties: 
(i) The incidence structure 9i with the same point set as 9, block set si and the 
induced incidence relation is a 2-(0, k, ih) design with ir blocks through a point 
(i = 1,2). 
(ii) For any block B1 E ml there is a block BYE & with (B,) = (B,). 
Since ir = k, the designs a1 and 9~~ are symmetric. Therefore 9 is twofold 
symmetric. Ll 
As a corollary we prove 
Theorem 3. Let 9 denote a 24.4 k, A) design with at most two intersection 
nwmbers, one of which is 2Z(v, k, A). Then 9 is symmetric or twofold symmetric. 
Proof, If 9 has only one intersection umber, then 9 is symmetric, by definition. 
Suppose now that 9 has two distinct intersection umbers, x and y = Z(v, k, A). 
In view of Proposition 1, it is sufficient o show X(v, k, A) = k. 
Assume, on the contrary, that X(v, k, A) < k holds. Denote by B and C two 
blocks of 5b intersecting in X(v, k, A) points. Since X(v, k, A) > 0, there are two 
points p and q on B with p I C, q I C. By Lemma 2, there exists a block C’ 
through q with [B, C’] = X(v, k, A). Since C# C’, Lemma 1 yields that a(v, k, A) is 
an intersection umber of 9; by Lemma 3 we have that 9 is strongly resolvable. 
In view of Lemma l(a), there are exactly two classes of 9; so, by Result 2, 
b=v+l. From 
b = vr/k = Av(v - l)/k(k - 1) 
we deduce 
A = bk(k - l)/v(v - 1) = (v + l)k(k - l)lv(v - 1). 
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relatively prime, t) must be a divisor of k( k - 1). Since rhle 
integer, k2 is a multiple of u. So, u has to divide k: a 
Since u and v + 1 are 
outer constant is an 
contradiction. Q 
In our context it is easy to prove the following characterization of twofold 
symmetric designs due to Stanton and Kalbfleisch [lS]: 
Radt 8. Let $$!I be a 2-(u, k, A) design with exactly two intersection numbers, say x 
and y, with the property that for any block B there is exactly one block B’ 
intersecting B in x poinfs. 7?len 9 is a twofold symmetric design dr a Hadamard 
3-design. 
Proof. Denote by B and B’ two blocks of 9 intersecting in exactly x points. By 
our assumption it follows that any block C# B, B’ intersects B and B’ in exactly y 
points. Using Result 1 we deduce x = k or x = a(~, k, A). 
If x = k, then 9 is twofold symmetric. In the latter case, we get from Lemma 3 
that 9 is strongly resolvable. Obviously, 9 has exactly m = 2 blocks in each class. 
Now 1 s p < m = 2 yields p = 1. So 9 is affine. In view of Result 7, 9 is a 
Hadamard 3-design. Cl 
Now we handle the case of three intersection umbers. 
Theortzm 4. Let 9 be a 2-(u, k, A) design with exa&y three intersection numbers, 
one of which is z1( u, k, A). Suppose furthermore thut there exists a =z quiualence 
class with at least three elements. Then the following assertions hold: 
(a) u(t), k, A) is an intersection number. If x denotes the intersection number of 9 
diflerent from E,r( u, k, A) and U( u, k, A), then x = kA/r. 
(h) Let 45 be a - -equivalence cIass and a” a = -equiualence class containing (5. 
Then for any point p, the number CR,, of blocks of G through p equals the number & 
of blocks of CT- 6 through p. 
(c) If m denotes the number of blocks in a - -equiua!ence class, then 
2m(r-k)=r. 
(d) ,vcv. k. A) -u(t~, k, A)M. 
Prooi, (a) In view of Result 3 and Proposition 1, wt” can suppose that 9 is simple. 
So, by Lemma 1, u(u, k, A) is an intersection umber of 9. Let B and C be two 
blocks intersecting in X(u, k, A) points. According to Result 3, there is a block A 
with [A, R] = X. Since A cannot intersect C in u or C points (otherwise A and B 
woulGf have C or a points in common), we have [A, C] = x. Using Result 1, it 
follows 
2x = [A, B]+[A, C] = 2kAlr. 
ih) Denote by B a block contained in Q. If p is a point outside B, we get 
q,(k-r+A)+&(2kA/r-(k-r-tA))+(r--a,-&,)kA/r= kh, 
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hence 
(a,-ar,)(kA/r-(k-r+A))+kA=kA* 
Since 
kAlr=x>a(v,k,A)=k-r+A, 
it follows that cyu = & 
Similarly, we get in the case p I B: 
(Iyp - l)(k-r+A-1)+&(2kA/r-(k-r+A)-1) 
+(r-1-(a,.,-l)-&)(kA/r-l)=(k-l)(A-l), 
therefore 
(p,-a,)(kA/r--(k-r+A))=o. 
(c) For a fixed block B, count the number of incidences (p, C) with p f C and 
C-B (or, C= B and C# B, respectively). It follows that 
c cu,=(m--l)(k-(k-r+A))=(m-l)(r-A) 
P&B 
and 
By (b) we get (m -l)r= m(2k-r), hence 2m(r-k)=r. 
(d) Assume Z(v. k, A)-o(v, k, A) s 3. By (a) we have 
so X(v, k, A)- a(v, k, A) is even. hence 
X(v, k, A) --a(~, k. A) = 2 
and in particular 
kA/r-(k--r+A)=x-a(v,k,A)=l. (1) 
Since X(v, k, A) G k, we have r G 2k. So, there is an integer a Gth 
r=k+a and lsaek. 
From (1) we get 
(k+a)(a-l)=aA; (2) 
SO a - 1 divides A and a is a divisor of k. Denote by c and d the unique positive 
integers with (a - 1)c = A and ad = k. Together with (2) this yields either d + 1 = c 
or a = 1. But in the latter case, (2) would imply A = 0. So we have d + 1 = c and 
A = (a - l)c, k = a(c - l), r=ac. (3) 
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From this we deduce 
(0 - l)(a - 1)c = (U - 1)k = r(k - 1) = ac(ac -a - 1). (4) 
Hence a - 1 is a divisor of ac - a - 1, so a - 1 divides c -- 2. Let e denote the 
non-negative integer with c -2 = e(a - 1). From (3) we get 
A =(a-l)(ea-e+2), k=a(ea-e+l), t=a(ea-e+2), 
and (4) implies 
t,=ea*+a+ 1. 
Now, from 
b = vr=(ea*+a + l)(ea-e+2) 
k (ea -e + 1) 
we infer 
ea-e-l-1 Iea*+a+l. 
Since ea-e+l is a divisor of (ea-e+l)(a+l)-ea*+a+l-e, e(a-l)+l has 
to divide e. Therefore e = 0, i.e. k = a = o - 1: a contradiction. 
Thus Theorem 4 is proved. [3 
There is only one design known to the author which has intersection number 
Z(u, k, A) without being symmetric or twofold symmetric. This is the well known 
2-( 16,6,3) design with intersection umbers 0, 1,2,3,4 due to Bhattacharya [3]. 
5. Smootb designs with extremal intersection numbers 
The aim of this section is to prove the fohowing result. 
Theorem 5. Denote by 9 a simple, smooth 2-(u, k, A) design. 
(a) If u(v, k, A) is an intersection umber of 9, then a(v, k, A) = 0, or 9 is 
isc ;zlorphic to the system of points and hyperplancs of a finite projective space. 
(b, If E(v, k, A) is an intersection rmbet of 9, then 9 is isomorphic to the 
system of points and hyperplanes of a finite projeetiw space. 
Proof. In the first part of the proof, we handle both cases together. Let (Y be one 
of the numbers a(~, k, A), Z(v, k, A). Since Z(u, k, A) is the maximal intersection 
number, ir is clear that Z(U, k, A) > 0. So, we suppose o > 0 and have to show that 
9 is a projective space. 
Denote by t the number of blocks through any three non-collinear points of 9. 
If t = 0, it is easy to see that 9 has only the iniersection numbers 0,l and k. Since 
9 is s opposed to be simple, 9 has only the intersection numbers 0 and 1; this 
implies in particular A = 1. If (T(u, k, 1) = 1, then any two distinct blocks of 9 
intersect in a unique point. This means that 9 is a projective plane. If Z(o, k, 1) = 
1, then we have (t - 2)(r - k) = 0. Since I > 2, 9 is symmetric and therefore a 
projective plane. 
From now on take t a 1. By Result 4, any line of 9 contains a constant number 
h of points. In view of our assumption, there exist two distinct blocks D and C 
intersecting in a > 0 points. So, there exists a point, say p, incident with J3 and C. 
Using Result 4 again, the incidence structure O*(p) is a 
In case (a) we have [X, B] = [X, C] for any biock X# B, C of 9, in particular 
for any block X# B, C through p. This means that for any block X# B, C of 
9*(p) the number of points of 9*(p) on X and B equals the number of points of 
3*(p) on X and C (namely: these numbers are equal to ([X, B] - l)/(h - 1) = 
([X, Cl- l)/(h - 1)). Result 1 implies now that B and C have exactly a(~*, k*, A*) 
points of 9*(p) in common. (Here and in what follows, we denote the parameters 
of 6"(Q) by u”, k*, A”.) 
Similarly, in the second case for any two blocks X, Y through p with X, Y# 
B, C it holds that [X, B]+ [X, C] = [Y, B]+ [Y, C]. Hence the number of points of 
3?*(p) on X and B plus the number of points of 9*(p) on X and C is a constant, 
independent of the choice of the block X# B, C of 9*(p). By Result 1, this means 
(a) 
o(u, k, A)- 1 
h - 1 
= o(u*, k*, A”); 
(W “‘k, :‘- ’ E {T(u*, k”), E(u*, k”, A*)}. - 
Consider now these possibilities separately. 
(a) From 
k-r+h-l=o(u,k,A)-1 k-l 
h-l h-l 
=crr(u*, k*,A*)=E-A+t 
it follows that 
k-r+A-l=k-1-(A-t)(h-l), 
hence t - t = h( A - t). Result 4 implies 
r-t=h(A-t)=kA-ut, so t=(kA-r)(u-I)-‘. 
Now Result 5 yields that 9 is isomorphx to the system of points and hykxxplanes 
of a finite projective space. 
(b) First, let us assume 
(x(u, k, A) - l)(h - l)-’ = +*, k”). 
By Theorem I, we have Z(u, k, A) = I. This implies in particular A = 1, hence 
t = 0: a contradiction. 
Finally, we consider the possibility 
2kh k-r+h 1 S(v, k, A)- 1 --- --= 
r(h-1) h-l h-l h-l 
= X(#, k”, A”) 
=2(k-W k-& t 
(h-l)h-h- - ’ 
This implies 
2k~~+(r-2~~~=2kn-2~+((h-r)hrh+tht. 
Using Result 4 we get 
(t-2)rh = (r-2)kh2-(t+r(k - l)t. 
Therefore 
th(v - 1) = tr(k - 1) = h(kh - Y), 
t = (kh - r)(v - 1)-l. 
In view of Result 5, the proof is finished. Cl 
Corollary 1. Dttaote by 9 a simple 3-(v, k, A) design with AZ blocks through any 
two distinct points of 9. 
(a) If a(v, k, A& is an intersection number of 9, then u(v, k, A;) = 0. 
(b) E(o, k, A,) is no intersection number of 9. 
Proof. Any 3-(v, k, A) design is smooth with t = A, but no projective space is a 
3-design. 0 
Remk. It is not difficult to show that in case (a) of Corollary 1, 9 is in fact a 
Hadamard 3-design. (See e.g. [2, p. 68].) 
We state two further corollaries to Theorem 5. 
Theorem 6. If S?J is a smooth, strongly resolvable design, then one of the following 
possib&ties occurs : 
(a) 9 is isomoqhic to rhe system of points and hypeplanes of a finite projective 
(b, 9 is isomorphic to the system of poilrts and hyperplanes of a finite afine 
space. 
(c) 9 is a Hadanrard 3-design. 
Proof. A strongly resolvable 2-(0, k, A) design has at most two il itersection 
numbeI*s, one of which is u(u, k, A) and none of which is k. In view of Theorem 5 
either (a) holds or u(v, k, A) = 0. But o(o, k, A) = 0 means that 9 is an affine 
design. 
If 9 has more than two blocks in a parallel class, then Result 6 asserts that 9 is 
an a&e space. If 9 has exactly two blocks in each parallel class, then by Result 7, 
9 is a Hadamard 3-design. 0 
The following fact is due to H. Beker [1, Theorem 21. 
Corollas 2. A strongly resolvable 3-desigrz is a Hadamard 3-design. 
Proof. Any 3-design is smooth. On the other hand, no projective space 3s a 
.Q.iesign, and an affine space is a 3-design if and only if its order is two, i.e. if and 
only if the affine space in question is a Hadamard 3-design. 
Using Theorem 6, the assertion follows. Cl 
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